Rules for integrands of the form (g Sec[e + fx])P (a+bSec[e+ fx])™ (c +dSec[e +fx])"
1. j(gSec[ewa])"(a+bSec[e+-Fx])'“(c+dSec[e+-Fx])"dlx whenbc+ad=0 A a2-b%>==0
1. JSec[e+fx] (a+bSec[e+-Fx])"'(c+dSec[e+-Fx])"d1x whenbc+ad=0 A a2-b%=:0
1. Sec[e+'Fx] (a+bSec[e+-Fx])'"(c+dSec[e+-Fx])"dlxwhenbc+ad==0Aaz—b2==0Am+neZ‘
1

1: |Sec[e+fx] (a+bSec[e+fx])" (c+dSec[e+fx])"dx whenbc+ad=0 A a2—b2==0/\m+n+1==0/\m;&—;

Rule:lfbc+ad::@/\a2—b2::6/\m+n+1::@/\m;t—%,then

bTan[e+fx] (a+bSec[e+fx])" (c+dSec[e+Ffx])"

jSec[e+fx] (a+bSec[e+-Fx])"' (c+dSec[e+fx])"d1x — - U

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+Ff_.#x_]) m_x(c_+d_.xcsc[e_.+f_.+x_])~n_.,x_Symbol] :=
bxCot [e+Ffxx]+ (a+bxCsc[e+fxx] ) m« (c+dxCsc[e+fxx] )"n/(a*f* (2+m+1)) /3
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && EqQ[m+n+1,0] && NeQ[2xm+1,0]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

2: Sec[e+-Fx] (a+bSec[e+fx])"'(c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b?==0 Am+n+1€Z A m;é—i

Note:lf n+ 2 €z A n+ 2 < - (m+n),thenitisbettertodrivento > inn - 2 steps.

Rule:lfbc+ad::@Aa2—b2::@Am+n+1eZ‘Am¢—%,then

JSec[erFx] (a+bsec[e+fx])" (c+dsec[e+fx])"dx —

bTan[e+-Fx] (a+bSec[e+-Fx])"' (c+dSec[e+-Fx])n (m+n+1)
- +

af (2m+1) 2 2me1) JSec[em‘x] (a+bSec[e+fx])m+1 (c+dsecfesx])"dx

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_x(c_+d_.xcsc[e_.+f_.#x_])~n_.,x_Symbol] :=
b*Cot[e+f*x]*(a+b*Csc[e+f*x])Am*(c+d*Csc[e+f*x])An/(a*f*(z*m+1)) +
(men+1) / (ax (2+m+1) ) xInt [Csc [e+fxx]* (a+bxCsc[e+Fxx]) (m+1) « (c+dxCsc[e+fxx]) n,x] /;

FreeQ[{a,b,c,d,e,f,m,n},x| & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && ILtQ[m+n+1,0] && NeQ[2sm+1,0] && Not[LtQ[n,0]] &&
Not [IGtQ[n+1/2,0] && LtQ[n+1/2,- (m+n)]]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

2. Sec[e+-Fx] (a+bSec[e+fx])'"(c+dSec[e+fx])"d1x whenbc+ad=0 A az—b2==0/\m+%ez+

1. JSec[e+fx] (a+bSec[e+fx])"'\/c+dSec[e+fx] dx whenbc+ad=0 A a2-b%==0

dx whenbc+ad=0 A a2-b2==0

. JSec[e+fX] \/c+dSec[e+fx]

\/a+bSec[e+-Fx]

Rule:If bc +ad =0 A a%-b? == 9, then

JSec[e+fx] \/c+dSec[e+fx] acLog[1+§Sec[e+fx]] Tan[e + f x|
dx — -

\/a+bSec[e+-Fx] b-F\/a+bSec[e+fx] \/c+dSec[e+-Fx]

Program code:

Int[cscle_.+f_.xx_]+Sqrt[c_+d_.xcsc[e_.+f_.xx_]]/Sart[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
axcxLog[1l+b/axCsc[e+fxx]]xCot[e+fxx]/(bxfxSqrt [a+bxCsc[e+f+x]]+Sqrt[c+d«Csc[e+fxx]]) /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]

2: -J-Sec[e+fx] (a+bSec[e+-Fx])'"\/c+dSec[e+-Fx] dx whenbc+ad=0 A az—b2==0/\m¢—§

Rule:lfbc+ad::9Aa2—b2::0/\m¢—%,then

2acTan[e+fx] (a+bSec[e+fx])'"

JSec[en‘x] (a+bSec[e+fx])m\/c+d5ec[e+fx] dx — -

bf (2m+1) \/c+dSec[e+fx]

Program code:

Int[csc[e_.+f_.*x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_.xSqrt[c_+d_.xcsc[e_.+f_.+x_]],x_Symbol] :=
2xaxcxCot [e+fxx]« (a+bxCsc[e+fxx]) m/ (bxfx (24m+1) +Sqrt[c+dsCsc[e+fxx]]) /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && NeQ[m,-1/2]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

2. Sec[e+-Fx] (a+bSec[e+1:x])"I (c+dSec[e+fx])"dlx whenbc+ad==0 A a2-b2==0 A m—%ez+

1: JSec[e+fx] (a+bSec[e+-Fx])'" (c+dSec[e+-Fx])"d1x whenbc+ad=0 A a2-b%=20 A n—%ez"/\ m<—§

Rule:lfbc+ad::6Aaz—bZ::O/\n—%eTA m<—%,then

JSec[erFx] (a+bsec[e+fx])" (c+dsec[e+fx])"dx —

2acTan[e+fx] (a+bSec[e+fx])" (c+dSec[e+-Fx])'"_1 d(2n-1)

- JSec[erFx] (a+bSec[e+fx])™ (c+dsec[e+fx])""dx

bf(2m+1) b(2m+1)

Program code:

Int[csc[e_.+f_.*x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_x(c_+d_.xcsc[e_.+f_.+x_])~n_.,x_Symbol] :=
2xaxcxCot [e+'F*X] * (a+b*CSC [e+'F*X] ) m* (c+d*CSC [e+'F*X] ) 2 (n—1)/(b*'F* (2xm+1) ) -
dx (2xn-1) / (bx (2xm+1) ) *Int [Csc [e+‘F*x] * (a+b*Csc [e+f*x] ) A(m+l) = (c+d*Csc [e+f*x] ) A (n-1) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IGtQ[n-1/2,0] & LtQ[m,-1/2]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

2: JSec[e+fx] (a+bSec[e+-Fx])"' (c+dSec[e+-Fx])"dlx whenbc+ad=0 A a2-b%?==0 A n—%ez"/\ m{—%

Rule:ifbc+ad=0 A a’-b>=0 An->ezZ Am¢-7,then

jSec[e+fx] (a+bsec[e+fx])" (c+dsec[e+fx])"dx —

dTan[e+fx] (a+bSec[e+fx])" (c+dsSec[e+Ffx])"" ¢ (2n-1)
+

e . JSec[e+-Fx] (a+bSec[e+-Fx])"'(c+dSec[e+-Fx])"’1d1x

Program code:

Int[csce_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_.x(c_+d_.xcsc[e_.+f_.*x_])"n_,x_Symbol] :=
-d«Cot[e+fxx] » (a+bxCsc[e+fxx] ) ms (c+dxCsc[e+Ffxx] )~ (n-1) /(fx (m+n)) +
Cx (2xn-1) / (m+n) xInt [Csc[e+fxx]* (a+bxCsc[e+Ffxx] ) *mx (c+dxCsc[e+Ffxx])~(n-1),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IGtQ[n-1/2,0] & Not[LtQ[m,-1/2]] && Not[IGtQ[m-1/2,0] && LtQ[m,n]]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

3. Sec[e+-Fx] (a+bSec[e+fx])'"(c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b?==0 AneZ*Am<0

. JSec[e+fX] (c+dsec[e+fx])"

'\/a+bSec[e+-Fx]

dx whenbc+ad=0 A a2-b2=0 A nez*

Rule:lf bc+ad=0 A a2-b?2==0 A neZ, then
JSec[e+fx] (c+dsec[e+fx])"

\/a+bSec[e+fx]

2dTan[e+fx] (c+dSec[e+-Fx])"'1 2c (2n-1) J\Sec[erFx] (c+dSec[e+-Fx])"'1
+

dx —

dx

2n-1

f(2n—1)\/a+bSec[e+fx] \/a+bSec[e+fx]

Program code:

Int[csc[e_.+f_.#x_](c_+d_.xcsc[e_.+Ff_.xx_])~n_./Sqrt[a_+b_.xcsc[e_.+f_.+x_]],x_Symbol] :=
—2*d*Cot[e+f*x]*(c+d*Csc[e+f*x])A(n—l)/(f*(2*n-1)*Sqrt[a+b*Csc[e+f*x]]) +
2xCx (2xn-1) / (2xn-1) xInt [Csc[e+Ffxx] » (c+dxCsc[e+fxx] )~ (n-1) /sqrt [a+bxCsc[e+fxx]],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IGtQ[n,0]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

2: Sec[e+-Fx] (a+bSec[e+fx])"'(c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b?==0 A neZ* A m<—%

Rule:lfbc+ad::@Aa2—b2::@AneZ*/\m<—%,then

jSec[e+fx] (a+bsec[e+fx])" (c+dsec[e+fx])"dx —

2acTan[e+fx]| (a+bSec[e+fx])" (c+dSec[e+1:x])"'1 d((@2n-1)

bf (2m+1) b (2ms1) JSec[e+fx] (a+b5ec[e+fx])’“*1 (C+dSec[e+fx])"‘1d1x

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_«(c_+d_.xcsc[e_.+f_.#x_])~n_.,x_Symbol] :=

2xaxcxCot [e+f*x] * (a+b*CSC [e+f*x] ) m* (C+d*CSC [e+f*x] ) n (n—l)/(b*f* (2xm+1) ) -

dx (2xn-1) / (b* (2xm+1) ) *Int [CSC [e+'F*X] * (a+b*CSC [e+'F*X] )" (m+1) » (C+d*CSC [e+'F*X] ) A (n-1) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & IGtQ[n,0] && LtQ[m,-1/2] && IntegerQ[2xm]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

4: Sec[e+-Fx] (a+bSec[e+fx])'"(c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b?==0 AmMEZ ANEZ AnN-m20 Amn>0

Derivation: Algebraic simplification
Basis:If bc+ad==0 A a?-b? ==0,then (a+bSec[z]) (c+dSec[z]) == —acTan[z]?
Rule:if bc+ad=0 A a’-b>=0 AmeZAneZ An-m=0 A mn > 0,then

jSec[e+fX] (a+bSec[e+fx])"' (c+dSec[e+fx])"d1x — (—ac)“‘J(gSec[e+1=x])'°Tan[e+-Fx]2"I (c+dSec[e+-Fx])"'"'d1x

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+Ff_.#x_]) m_.»(c_+d_.xcsc[e_.+f_.»x_])~n_.,x_Symbol] :=
(-a%c) "mxInt[ExpandTrig[csc[e+fxx]|xcot[e+fxx]~ (2xm), (c+dxcsc[e+fxx] )~ (n-m),x],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegersQ[m,n] && GeQ[n-m,0] && GtQ[mxn,@]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

5: J-Sec[e+-Fx] (a+bSec[e+fx])'" (c+dSec[e+fx])'"d1x whenbc+ad=0 A a2-b%2==0 A m—%eZ‘

Derivation: Algebraic expansion and piecewise constant extraction

Basis:f bc+ad==0 A a?-b2=0 Am+Leczthen (a+bSec[z])" (c+dSec[z])"= (-ac)™: Tan[z]2™?
2 \Ja+bSec[z] +/c+dSec[z]

Basis:If bc +ad =0 A a?-b? == 0, then &4 Tan.e-f x| -0
~Ja+bSec[e+fx] /c+dSec[e+fx]

Rule:lf bc+ad=0 A a2-b?=0 A m+%ez,then
JASec[e+-Fx] (a+bsec[e+fx])" (c+dsec[e+Ffx])"dx —

(-a c)'""%Tan[e +fx]

jSec[e+fx] Tan[e + fx]*"dx
\/a+b5ec[e+fx] \/c+dSec[e+fx]

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+f_.#x_]) m_«(c_+d_.xcsc[e_.+F_.#x_])~m_,x_Symbol] :=
(-a*c)”~ (m+1/2) xCot [e+f*x]/(5qr‘t [a+bxCsc[e+fxx] ] *Sqrt[c+d«Csc[e+fxx]]) +Int [Csc[e+fxx] xCot[e+Ffxx]~ (2+m),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegerQ[m+1/2]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

6: Sec[e+-Fx] (a+bSec[e+fx])'"(c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b%2==0 A ((m|n—%)eZ‘ v (m—§|n—§) eZ‘)

Rule:iff bc+ad=0 A a’-b*>=0 A (mez V (m—%‘n—%) € Z) ,then

fSec[e+fx] (a+bsec[e+fx])" (c+dsec[e+fx])"dx —

bTan[e+-Fx] (a+bSec[e+-Fx])'" (c+dSec[e+1:x:|)n (m+n+1)
) af (2m+1) +a(2m+1)

jSec[e+fx] (a+bSec[e+-Fx])'11+1 (c+dsec[e+fx])"ax

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+f_.#x_]) m_«(c_+d_.xcsc[e_.+Ff_.#x_])~n_,x_Symbol] :=
bxCot [e+fxx]+ (a+bxCsc[e+fxx]) mx (c+dxCsc[e+fxx])rn/ (axfx (2xm+1)) +
(men+1) / (ax (2#m+1) ) xInt [Csc[e+fxx]* (a+bxCsc[e+Fxx])~ (m+1) * (c+dxCsc[e+Fxx]) n,x]| /;
FreeQ[{a,b,c,d,e,f,n},x] && EqQ[bxc+axd,0] && EqQ[a”~2-b”2,0] && (ILtQ[m,0] && ILtQ[n-1/2,0] || ILtQ[m-1/2,0] && ILtQ[n-1/2,0] &% LtQ[m,n])

7: JSec[erFx] (a+bSec[e+-Fx])'" (c+dSec[e+-Fx])"dlx whenbc+ad=0 A a2-b%==0

Derivation: Piecewise constant extraction and integration by substitution

Basis:If bc +ad ==0 A a?-b? == 9, then oy Tan[e+f x] .-
vJa+bSec[e+fx] +/c+dSec[e+fx]

acTan[e+f x] Tan[e+f x] .
~Ja+bSec[e+fx] /c+dSec[e+fx] +~/a+bSec[e+fx] ~/c+dSec[e+fx]

Basis:If bc+ad =0 A a?-b? = 0,then -
Basis: Tan[e + f x] F[Sec[e + fx]] == %Subst[F—[Xﬂ, x, Sec[e+fx] ]| oxSec[e +fx]
Rule:If bc +ad =0 A a%-b? == 9, then

JSec[erFx] (a+bsec[e+fx])" (c+dsec[e+Ffx])"dx —

10



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

acTan[e+fx] 1 1
- Tan[e+-Fx] Sec[e+fx] (a+bSec[e+-Fx])'"'2_ (c+dSec[e+-Fx])"'?dlx —

\/a+bSec[e+-Fx] \/c+dSec[e+fx]

acTan[e+fx| . . ol
- ubst[J(a+bx) 7 (c+dx)"zdx, x, Sec[e+-Fx]]

-F\/a+bSec[e+-Fx] \/c+dSec[e+-Fx]

Program code:

Int[csc[e_.+f_.*x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_.x(c_+d_.xcsc[e_.+f_.*x_])~n_,x_Symbol] :=
axcxCot [e+f*x]/(f*5qr't [a+bxCsc[e+fxx] ] #Sqrt[c+d«Csc[e+Ffxx]]) «Subst [Int[ (a+bxx)" (m-1/2) » (c+d#Xx)~(n-1/2) ,x],X,Csc [e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0]

2: J(gSec[em‘x])"(a+bSec[e+fx])"'(c+dSec[e+fx])"d1x whenbc+ad=0 A a2-b2==0 AmMeZ AnN€Z An-m20 Amn>90

Derivation: Algebraic simplification
Basis:If bc+ad==0 A a®2-b?=-0,then (a+bSec[z]) (c+dSec[z]) ==-acTan[z]?
Rule:lif bc+ad==0 A a?2-b2=0@ AmMeZ AnNeZ An-m=0 A mn > 0,then

J(gSec[ewa])" (a+bsece+fx])" (c+dsec[e+fx])"dx — (—ac)’"J(gSec[e+-Fx])pTan[e+-Fx]z"' (c+dsec[e+fx])""dx

Program code:

Int[(g_.»csc[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+f_.#x_]) m_.»(c_+d_.xcsc[e_.+f_.»x_]) n_.,x_Symbol] :=
(-a%c) "mxInt[ExpandTrig[ (gxcsc[e+fxx] ) pxcot[e+fxx]|~ (2+m), (c+dxcsc[e+fxx] )~ (n-m),x],x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x] && EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] & IntegersQ[m,n] && GeQ[n-m,0] & GtQ[mxn,0]

11



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

3: J(gSec[e+fx])p (a+bsec[e+fx])" (c+dsSec[e+fx])"dx whenbc+ad=0 A a®-b*=0 A m—%eZ‘

Derivation: Algebraic expansion and piecewise constant extraction

12

Basis:f bc+ad==0 A a?-b2=0 Am+Leczthen (a+bSec[z])" (c+dSec[z])"= (-ac)™: Tan[z]2™?
2 \Ja+bSec[z] +/c+dSec[z]

Basis:If bc +ad =0 A a2 -b? == @, then &y Tan[e+f x] -
~Ja+bSec[e+fx] /c+dSec[e+fx]

Rule:if bc+ad==0 A a2-b%2=0 A m+%ez,then
J(gSec[e+fX])p(a+bSec[e+fX])'"(c+dSec[e+-Fx])"'dlx—>

(-a c)"“;Tan[e + fx]

J(gSec[e+fx])pTan[e+fx]2"'d]x
\/a+bSec[e+fx] \/c+d5ec[e+fx]

Program code:

Int[(g_.»csc[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+f_.#x_] ) m_«(c_+d_.xcsc[e_.+f_.#x_])~m_,x_Symbol] :=
(-a*c)”~ (m+1/2) xCot [e+f*x]/(5qr‘t [a+bxCsc[e+fxx] ] *Sqrt[c+d«Csc[e+fxx]]) +Int [ (g+Csc[e+fxx]) pxCot [e+fxx]" (24m),x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IntegerQ[m+1/2]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n 13

4: J(gSec[e+fX])p (a+bsec[e+fx])" (c+dsec[e+fx])"dx whenbc+ad=0 A a*-b*==0

Derivation: Piecewise constant extraction and integration by substitution

Basis:If bc +ad ==0 A a2 - b? == 9,then oy Tan[e+f x] .-
~Ja+bSec[e+fx] ~/c+dSec[e+fx]

acTan[e+f x] Tan[e+f x] _
~Ja+bSec[e+fx] ~/c+dSec[e+fx] +~/a+bSec[e+fx] /c+dSec[e+fx]

Basis:If bc+ad =0 A a%?-b? == 9, then -
Basis: Tan[e + £ x] F[Sec[e+fx]] = T Subst|FXL, x, Sec[e +fx] ] oxSec[e + fx]
Rule:lf bc +ad =0 A a%-b? == 9, then

J(gSec[en‘x])” (a+bsec[e+fx])" (c+dsec[e+fx])"dx —

acTan[e+fx] 1 1
- Tan[e+ fx] (gSec[e+fx])? (a+bSec[e+fx])"7 (c+dSec[e+Ffx])"zdx —
\/a+bSec[e+fx] \/c+dSec[e+fx]

acgTan[e+fXx|

Subst[j(gx)"‘1 (a+bx)""; (c+dx)"‘§d]x, X, Sec[e+-Fx]]
f\/a+bSec[e+-Fx] '\/c+dSec[e+fx]

Program code:

Int[(g_.*csc[e_.+f_.xx_])"p_.»(a_+b_.xcsc[e_.+Ff_.#x_]) m_x(c_+d_.xcsc[e_.+f_.*x_])~n_,x_Symbol] :=
axcxgxCot [e+f*x]/(f*Sqrt [a+b*CSC [e+'F*x] ] *Sqrt [C+d*CSC [e+-F*x] ] ) *
Subst[Int[ (g*x)" (p-1)* (a+b#x) " (m-1/2) * (c+d*Xx)~ (n-1/2) ,x],X,Csc[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & EqQ[bxc+axd,0] && EqQ[a*2-b"2,0]

dx whenbc-ad#+0

(gsec[e+fx])? (a+bsec[e+fx])"
2-,[ c+dSec[e+fx]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

. J(gSec[e+-Fx])p'\/a+bSec[e+-Fx]

c+dSec[e+fx]

dx whenbc-ad#0

\/gSec[e+-Fx] \/a+bSec[e+-Fx]
. c+dSec[e+fx]

1

dx whenbc-ad#0

_ \/gSec[e+fx] \/a+bSec[e+fx]
- c+dSec[e+fx]

1 dx whenbc-ad#0 A a?-b%==0

Derivation: Integration by substitution

BaS|S: |f a2 o b2 — @’ then VgsSecle+fx] Va+bSec[e+fx] - %gSubst[ 1 X bTan[e+f x] P bTan[e+f x]

s X, X
c+d Sec[e+f x] bcrad-cgx? VgSec[e+fx] Va+bSec[e+fx] Vgsecle+fx] Va+bSec[e+fx]

Rule:if bc —ad 0 A a?-b? =0, then

'\/gSec[e+-Fx] \/a+bSec[e+fx] 4 Zngbt[ 1 bTan[e+fx]
X — ubs _
f ch+a

2dlx, X,
C+dSeC[e+fX] d-cgx \/gSec[e+fx] \/a+b5ec[e+fx]

Program code:

Int[Sqrt[g_.*csc[e_.+f_.+x_]]+Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.xcsc[e_.+f_.+x_]),x_Symbol] :=
-2xbxg/fxSubst [Int[1/ (bxc+axd-cxgxx"2),X],X,bxCot[e+fxx]/(Sqrt[g+Csc[e+fxx]]+Sart[a+bxCsc[e+f+x]])] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && EqQ[a~2-b"2,0]

). \/gSec[e+fx] \/a+bSec[e+fx]

dx whenbc-ad#0 A a2-b%+0
c+dSec[e+-Fx]

Derivation: Algebraic expansion

Basis: Vatbz a n (bc-ad) gz

c+dz cva+bz cgva+bz (c+dz)
Rule:lf bc-—ad +0 A a?-b? £ 0,then




Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

'\/gSec[e+fx] \/a+bSec[e+fx] a '\lgSec[erFx] bc-ad (gSec[e+1’x])‘:”2
dx — — dx +

dx
c+dsec[e+fx] ¢ \/a+b5ec[e+fx] ce \/a+bSec[e+fx] (c+dsec[e+fx])
Program code:

Int[Sqrt[g_.xcsc[e_.+f_.+x_]]+Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.xcsc[e_.+f_.+x_]),x_Symbol] :=
a/cxInt[Sqrt[g+Csc[e+fxx]]/Sqrt[a+bsCsce+fxx]],x] +
(b*c—a*d)/(c*g)*Int[(g*Csc[e+-F*x])"(3/2)/(Sqr't[a+b*Csc[e+f*x]]*(c+d*Csc[e+-F*x])),x] /3

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

S f bS f

2. ec[e+ x]\/a+ ec[e+ x] dx whenbc-ad#0
c+dSec[e+fx]
Sec[e+-Fx] \/a+bSec[e+fx]
1: dx whenbc-ad#0 A a2-b%2==0
c+dSec[e+fx]
Derivation: Integration by substitution
H. 2 K2 __ Sec[e+fx] vJa+bSec[e+fx] __ 2b 1 bTan[e+f x] bTan[e+f x]

Basis: If a“ - b* == 0, then Codsec [erfnl = Subst { beraddx® X0 [ bseciefx } 0

Rule:lf bc-ad +0 A a?-b? == 9, then

JSec[e+fx] \/a+b5ec[e+fx]
d

X — —Subst[j— dx, X,
c+dSec[e+-Fx] f bc+ad+dx?

bTan[e+fx]

'\/a+bSec[e+-Fx]

Program code:

Int[cscle_.+f_.xx_]+Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.+csc[e_.+f_.xx_]),x_Symbol] :=
-Z*b/'F*Subst [Int [1/ (bxc+axd+d*xx"2) ,x],X,bxCot [e+‘F*x]/Sqr‘t [a+b*Csc [e+'F*x] ] ] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

a+b Sec[e+f x]

15



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

) JSec[ewa] '\/a+b5ec[e+fx]

c+dSec[e+fx]

dx whenbc-ad#0 A a2-b%#0

dx whenbc-ad#0 A a2-b%2#0 A c2-d?==0

. JSec[ewa] \/a+bSec[e+-Fx]

c+dSec[e+fx]

Rule:lf bc-ad+0 A a2-b2+0 A c?-d? = 0,then

cTan[e+fx]

bc-ad

],

__c
Sec[e + f x| \/a+b5ec[e+fx] \/a+bSec[e+fx] ‘\[ c+d Secle+f x]
dx — EllipticE[Ar‘cSin[

c+dSec[e +fx] c+dsSec[e+fx]
df cd (a+bSec[e+f x])
(bc+ad) (c+dSec[e+fx])

Program code:

Int[csc[e_.+f_.+x_]*Sqrt[a_+b_.xcsc[e_.+f_.+x_]]/(c_+d_.xcsc[e_.+f_.xx_]),x_Symbol] :=
-Sqrt [a+b*Csc [e+f*x] ] *Sqrt [c/(c+d*Csc [e+'F*x] ) ]/(d*f*Sqr‘t [c*d* (a+b*Csc [e+f*x] )/( (bxc+axd) (c+d*CSC [e+f*x] ) ) ] ) *
E1lipticE[ArcSin[cxCot[e+fxx]/(c+dxCsc[e+fxx])],- (bxc-axd)/ (bxc+axd)] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && EqQ[c"2-d"2,0]

bc+ad

]

16



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

dx whenbc-ad#0 A a2-b%2#0 A c2-d%>+0

) JSec[erFx] \/a+bSec[e+fx]

c+dSec[e+fx]

Derivation: Algebraic expansion

Basis: Varbz b bc-ad

cidz dvabz d+/abz (c+dz)
Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +9,then

J‘Sec[erFx]\/a+bSec[e+-Fx] b Sec[e+-Fx] bc-ad Sec[e+-Fx]
dx — — dx -

c+dsec[e+fx] d \/a+bSec[e+-Fx] d \/a+bSec[e+fx] (c+dsec[e+fx])

Program code:

Int[csc[e_.+f_.+x_]*Sqrt[a_+b_.xcsc[e_.+f_.+x_]]/(c_+d_.xcsc[e_.+f_.*x_]),x_Symbol] :=
b/d=Int[Csc[e+fxx]/Sqrt[a+bsCsc[e+fxx]],x] -
(bxc-axd) /dxInt[Csc[e+fxx]/(Sqrt[a+bxCsc[e+fxx]] (c+dxCsc[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

dx whenbc-ad#0

3_J‘(gsec[emx])m\/a+bsec[e+fx]

c+dSec[e+fx]

dx whenbc-ad#0 A a2-b%=0

. (gSec[e+fx])3/2\/a+bSec[e+fx]
. c+dsSec|[e+ fx]

Derivation: Algebraic expansion

Basis: (822 __ gvgz _ cgigz
' c+dz d d (c+dz)

Rule:lf bc-ad +0 A a?-b? == 9, then

dx

17



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

J\(gSec[e+fX])3/2\/a+bSec[e+-Fx]

c+dSec[e+fx]

cg '\/gSec[e+-Fx] '\/a+bSec[e+fx]
—_— d
d c+dSec[e+fx]

dx — EJ\/gSec[e+fX] \/a+bSec[e+fx] dx -

Program code:

Int[(g_.*csc[e_.+f_.+x_])~(3/2) »Sqrt[a_+b_.xcsc[e_.+f_.#x_]]/(c_+d_.xcsc[e_.+f_.»x_]),x_Symbol] :=
g/d+Int[Sqrt[g«Csc[e+fxx]]|*Sqrt[a+bsCsc[e+f+x]],x] -
cxg/d+Int[Sqrt[g+Csc[e+fxx]]+Sqrt[a+bsCsc[e+fsx]]/(c+dxCsc[e+fsx]),x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

dx whenbc-ad#0 A a2-b%2#0

). J\(gSec[e+fx])3/2\/a+bSec[e+-Fx]

c+dSec[e+fx]

Derivation: Algebraic expansion

Basis: atbz __ b B bc-ad
c+dz d+a+bz dva+bz (c+dz)

Rule:lf bc-ad +0 A a?-b? £ 0,then

dx

J(gSec[erFx])yz\/a+bSec[e+fx] b (gSec[e+-Fx])3/2 bc-ad (gSec[e+-Fx])3/2
dx —» - dx -

c+dsec[e+fx] d \/a+bSec[e+fx] d \/a+bSec[e+-Fx] (c+dsec[e+fx])

Program code:

Int[(g_.+csc[e_.+f_.xx_])~(3/2)+Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/(c_+d_.xcsc[e_.+f_.+x_]),x_Symbol] :=
b/d*Int[(g*Csc[e+-F*x])"(3/2)/Sqr't[a+b*Csc[e+-F*x]],x] =
(bxc-axd) /dxInt[ (g+Csc[e+fxx])~(3/2) /(Sqrt[a+bsCsc[e+fxx] ]« (c+dxCsc[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

X

18



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

S £x])P
2. (g ec[e+ x]) dx whenbc-ad#+0

'\/a+bSec[e+-Fx] (c+dsec[e+fx])

Sec[e+-Fx]
1. dx whenbc-ad#0

\/a+bSec[e+fx] (c+dsec[e+fx])

Sec[e + f x|
1: dx whenbc-ad#@ A (a®-b?=0 Vv c*-d*=0)
'\/a+bSec[e+fx] (c+dSec[e+-Fx])

Derivation: Algebraic expansion

BaSiS' 1 == b _ d \/a+bZ
" Vaibz (c+dz) (bc-ad) v/a+bz (bc-ad) (c+dz)

Rule:iff bc-ad#0 A (a®>-b?=0 Vv c*-d*=0),then

Sec[e + fx| b Sec[e + fx] d JSec[e+fx]\/a+bSec[e+fx] g
X
bc-ad

dx — dx -
bc-ad c+dSec[e+fx]

\/a+bSec[e+fx] (c+dSec[e+fx]) \/a+bSec[e+-Fx]

Program code:

Int[csc[e_.+f_.+x_]/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(c_+d_.xcsc[e_.+f_.+x_])),x_Symbol] :=
b/ (bxc-axd) +Int[Csc[e+f+x]/Sqrt[a+bxCsc[e+fxx]],x] -
d/ (bxc-axd) »Int [Csc[e+fxx] +Sqrt[a+bsCsc[e+fxx]]/(c+dxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])

Sec|e+ fx
[ ] dx whenbc-ad#0 A a2-b%2#0 A c2-d*#0

\/a+bSec[e+fx] (c+dsec[e+fx])

Rule:if bc-ad+0 A a2-b%>+0 A c?-d? +0,then

Sec[e + fx|

dx —

\/a+bSec[e+fx] (c+dsec[e+fx])



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

2Tan[e+-Fx] a+bSec[e+-Fx] 2d \/1—Sec[e+fx] 2b
EllipticPi[ ,ArcSin[ ], ]
f(c+d)\/a+bSec[e+fx] \/—Tan[e+fx]2 a+b c+d V2 a+b

Program code:

Int[csc[e_.+f_.+x_]/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(c_+d_.xcsc[e_.+f_.+x_])),x_Symbol] :=
-2xCot[e+fxx]/(fx (c+d) xSqrt[a+bxCsc[e+fxx]]+Sqrt[-Cot [e+fxx]~2]) +Sqrt[ (a+bxCsc[e+fxx])/(a+b) |+
EllipticPi[2xd/ (c+d),ArcSin[Sqrt[1-Csc[e+fxx] ]/Sqrt [2]1],2%b/ (a+b) ] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

S f 3/2
2. (g ec[e+ X]) dx whenbc-ad#0

\/a+b5ec[e+fx] (c+dsec[e+fx])

sec[e+ fx])3?
(g [ ’ x]) dx whenbc-ad#0 A a2-b%==0

\/a+bSec[e+fx] (c+dsec[e+fx])

Derivation: Algebraic expansion

Basis: gz L ag cgya+bz

+
Ja+bz (c+dz) (bc-ad) Va+bz (bc-ad) (c+dz)
Rule:lf bc—ad+0 A a?-b? =9, then

(gSec[e+-Fx])3/2 ag \/ g Sec[e + fx] cg J\/gSec[e+fX] \/a+bSec[e+-Fx] 4

dx — - dx +
'\/a+bSec[e+-Fx] bc-ad c+dSec[e+-Fx]

\/a+b5ec[e+fx] (c+dsec[e+fx])

Program code:

Int[(g_.+csc[e_.+f_.xx_])~(3/2)/(Sart[a_+b_.xcsc[e_.+f_.xx_]](c_+d_.+csc[e_.+f_.xx_])),x_Symbol] :=
-axg/ (bxc-axd) xInt [Sqrt[g+Csc[e+fxx]]/Sqrt[a+bsCsc[e+fxx]],x] +
cxg/ (bxc-axd) +Int[Sqrt[g«Csc[e+fxx] ] +Sqrt[a+bsCsc[e+fxx]]/(c+dxCsc[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

X

20



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

Sec|e+f 2
(8Sec[e+x]) dx whenbc-ad#0 A a>-b>#0

\/a+bSec[e+fx] (c+dsec[e+fx])

Derivation: Piecewise constant extraction

VgSeclerfx] vbraCos[esfx] __ g
~Ja+b Sec[e+f x|

Rule:if bc-ad +0 A a?-b? #0,then

Basis: Oy

(gSec[e+-Fx])3/2 g'\/gSec[e+-Fx] \/b+aCos[e+fx] 1
dx — dx

\/a+bSec[e+-Fx] (c+dsec[e+fx]) \/a+bSec[e+fx] \/b+aCos[e+-Fx] (d+ccos[e+fx])

Program code:
Int[(g_.+csc[e_.+Ff_.xx_])~(3/2)/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]](c_+d_.xcsc[e_.+f_.xx_])),x_Symbol] :=

g+Sqrt [gxCsc[e+fxx] ] +Sqrt[b+axSin[e+fxx]]/Sqrt[a+bsCsc[e+fsx]]|+Int[1/(Sqrt[b+axSin[e+Ffsx]] (d+cxSin[e+fsx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

Sec[e+-Fx]2

dx whenbc-ad#0

\/a+bSec[e+fx] (c+dsec[e+fx])

sec[e+ fx]?

dx whenbc-ad#0 A (a?>-b?=0 Vv c?-d’==0)

\/a+bSec[e+fx] (c+dsec[e+fx])

Derivation: Algebraic expansion

Basis: z2 o az cza+bz

+
Ja+bz (c+dz) (bc-ad) Va+bz (bc-ad) (c+dz)
Rule:iff bc-ad#@ A (a?-b2 =0V c*-d?=0),then



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

Sec[e+-Fx]2 a Sec[e+-Fx] c JSec[e+fx]'\/a+bSec[e+fX]
d

dx — - dx +
\/a+b5ec[e+fx] bc-ad c+dsSec[e+fx]

\/a+bSec[e+fx] (c+dsec[e+fx])

Program code:

Int[csc[e_.+f_.+x_]"2/(sqrt[a_+b_.xcsc[e_.+f_.xx_]](c_+d_.xcsc[e_.+f_.*x_])),x_Symbol] :=
-a/ (bxc-axd) xInt[Csc[e+fxx] /Sqrt[a+bsCsc[e+fxx]],x] +
¢/ (bxc-axd) +Int [Csc[e+fxx] xSqrt[a+bxCsc[e+fxx] ]/(c+d*Csc [e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])

Sec[e+1:x]2
dx whenbc-ad#0 A a2-b%2#0 A c2-d*>#0

\/a+bSec[e+fx] (c+dsec[e+fx])

Derivation: Algebraic expansion

2

Basis: £ == - =
\Varbz (c+dz) dva+bz dva+bz (c+dz)

Rule:if bc -ad+0 A a2-b%2+0 A c?-d? +0,then
Sec[e+1=x]2 1 Sec[e+-Fx] c Sec[e+-Fx]

dx — - dx - — dx
\/a+bSec[e+fx] (c+dsec[e+fx]) d \/a+bSec[e+fx] d \/a+bSec[e+fx] (c+dSec[e+fx])

Program code:

Int[csc[e_.+f_.+x_]"~2/(Sqrt[a_+b_.xcsc[e_.+f_.#x_]]*(c_+d_.xcsc[e_.+f_.*x_])),x_Symbol] :=
1/d+Int[Csc[e+fxx]/Sqrt[a+bsCsc[e+fxx]],x] -
c/d*Int [Csc [e+f*x]/(Sqrt [a+b*Csc [e+-F*x] ] * (c+d#Csc [e+f*x] )) ,x] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

X

22



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

sec[e + fx])%"?
4. (g [ : X]) dx whenbc-ad#0

\/a+bSec[e+fx] (c+dsec[e+fx])

S 'F 5/2
(gsecfe+fx]) dx whenbc-ad#0 A a2-b%==0

\/a+bSec[e+fx] (c+dsec[e+fx])

Derivation: Algebraic expansion

g2z’ . ___cg’aibz , g2 (acs(bc-ad) 2)
Va+bz (c+dz) d (bc-ad) (c+dz) d(bc-ad) Vaibz

Rule:lf bc—ad +0 A a?-b? == 9, then

Basis:

(gSec[e+-Fx])5/2 c2 g2 \/gSec[e+fx] \/a+bSec[e+-Fx]
d

dx —

'\/a+bSec[e+-Fx] (c+d5ec[e+fx]) d(bc-ad c+dSec[e+fx]

g2 J\'\/gSec[erFx] (ac+ (bc-ad) Sec[e+fx])

d(bc-ad)

dx

\/a+b5ec[e+fx]

Program code:

Int[(g_.+csc[e_.+Ff_.xx_])~(5/2)/(Sart[a_+b_.xcsc[e_.+f_.xx_]](c_+d_.xcsc[e_.+f_.+x_])),x_Symbol] :=
-c"24g"2/ (d* (bxc-axd) ) +Int [Sqrt[g«Csc[e+fxx] ] +Sqrt[a+bsCsc[e+Ffxx] ]/(c+d*Csc [e+fxx]),x] +
g°2/ (dx (bxc-axd) ) xInt [Sqrt [g*Csc[e+fxx] | » (axc+ (bxc-axd) xCsc[e+fxx] )/Sqr't [a+bxCsc[e+fxx]],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

+

23



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

3.J

. J\Sec[e+fx] \/a+bSec[e+-Fx]

Sec[e+fx]|? (a+bsSec[e+fx])"

Sec|e+f o2
(gsecfe+fx]) dx whenbc-ad#0 A a>-b>#0

\/a+bSec[e+fx] (c+dsec[e+fx])

Derivation: Algebraic expansion

je- - 82 __ g __¢cg
Basis: c+dz  d d (c+d z)

Rule:lf bc-ad +0 A a?-b? #0,then

dx
a+bSec[e+fx] (c+dSec[e+-Fx]) d '\/a+bSec[e+fx]

J\ (gSec[e+-Fx])5/2 8 (gSec[e+-Fx])3/2 ax
\/

Program code:

cg (gsec[e+fx])*?

d '\/a+bSec[e+-Fx] (c+dSec[e+fx])

Int[(g_.*csc[e_.+f_.xx_])~(5/2)/(Sart[a_+b_.xcsc[e_.+f_.xx_]](c_+d_.xcsc[e_.+f_.»x_])),x_Symbol] :=

g/dxInt[ (g+Csc[e+fxx])~(3/2) /Sqrt[a+bsCsc[e+fsx]],x] -

cxg/d+Int[ (gxCsc[e+fxx])~(3/2) /(Sart[a+bsCsc[e+fxx] ]+ (c+dxCsc[e+fxx])),x] /;

FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

dx Whenbc—ad;éeAmZ::i

'\/c+dSec[e+fx]

dx whenbc-ad#0

'\/c+dSec[e+-Fx]

dx whenbc-ad#0 A a2-b%>=0 A c2-d?#0

. JSec[e+fX] \/a+bSec[e+-Fx]

\/c+d5ec[e+fx]

Derivation: Integration by substitution

Basis: If a2 - b2 =0 A c?-d? # 0, then

dx
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

Tan[e+f x] Tan[e+f x]

Secle+fXx] vVa+bSec[e+fx] __ 2b Subst{
c+d Sec[e+f X] f

Rule:lf bc-ad+0 A a2-b%2 =0 A c?2-d? + 0,then

dx, x
1-bdx?

J\Sec[e+-Fx]\/a+bSec[e+-Fx] 4 stbt[ 1 Tan|[e + f x|
X — — Subs
- swse |

3
\/c+dSec[e+fx] '\/a+bSec[e+-Fx] \/c+dSec[e+-Fx]

Program code:

Int[csc[e_.+f_.#x_]»Sqrt[a_+b_.xcsc[e_.+f_.#x_]]/Sart[c_+d_.xcsc[e_.+f_.xx_]],x_Symbol] :=
—2*b/'F*Subst [Int [1/ (1-bxd%xx”~2) ,x],Xx,Cot [e+-F*x]/(Sqr't [a+b*Csc [e+'F*x] ] *Sqrt [c+d*Csc [e+'F*x] ] ) ] 78
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

dx whenbc-ad#0 A a2-b%>#0 A c2-d?==0

). JSec[erFx] \/a+bSec[e+-Fx]

\/c+d5ec[e+fx]

Derivation: Algebraic expansion

Basis: VJa+tbz bc-ad + by c+dz

\Jc+d z B _d\/a+bz A c+dz d+va+bz
Rule:lf bc -ad+0 A a2-b%2+0 A c?-d? = 0,then

1
N o
1-bdx?? 77 \/aibsec[e+fx] /c+dSec e+fx] X Ja+bsec[e+fx] +/crdSec e+fx]

dx +
d d

JSec[e+fx]\/a+bSec[e+fx] 4 bc-ad Sec[e + x| bJ\Sec[e+fx]\/c+dSec[e+fx] 4
X — - - X

'\/c+dSec[e+fx] '\/a+bSec[e+-Fx] \/c+dSec[e+fx] \/a+bSec[e+fx]

Program code:

Int[cscle_.+f_.xx_]+Sqrt[a_+b_.xcsc[e_.+f_.»x_]]/Sart[c_+d_.+csc[e_.+f_.xx_]],x_Symbol] :=
- (bxc-axd) /dxInt[Csc[e+fxx]/(Sqrt[a+bsCsc[e+fxx]]*Sqrt[c+dxCsc[e+fxx]]),x] +
b/d+Int[Csc[e+fsx]+Sqrt[c+d«Csc[e+fxx]]/Sart[a+bsCsc[e+f+x]],x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && EqQ[c"2-d"2,0]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

dx whenbc-ad#0 A a2-b%2#0 A c2-d*>#0

. \J’Sec[e+fx]'\/a+b5ec[e+fx]
\/c+d5ec[e+fx]
Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then
J‘Sec[e+fx]\/a+b5ec[e+fx] 4

\/c+dSec[e+fx]

X —

2 (a+bsec[e+fx]) (bc-ad) (1-Sec[e+fx])
\ (c+d) (a+bsec[e+fx])

df [ 2L Tan[e+fx]

c+d

(bc-ad) (1+Sec[e+fx]) EllipticPi[b(c+d),Arcsin[ [a+b \/c+dSec[e+fx] ]’ (a-b) (c+d)]
(c-d) (a+bsec[e+fx]) d(a+b) c+d \/a+bSec[e+fx] (a+b) (c-d)

Program code:

Int[csc[e_.+f_.+x_]+Sqrt[a_+b_.xcsc[e_.+f_.+x_]]/sqrt[c_+d_.xcsc[e_.+f_.xx_]],x_Symbol] :=
-2% (a+b*Csc [e+f*x] )/(d*f*Sqr‘t[ (a+b) / (c+d) ] *Cot [e+f*x] ) *
Sgrt [— (bxc-axd) » (1—CSC [e+-F*x] )/( (c+d) * (a+b*Csc [e+-F*x] ) ) ] *Sqrt [ (bxc-axd) (1+CSC [e+-F*x] )/( (c-d) = (a+b*Csc [e+-F*x] ) ) ] *

EllipticPi[bx (c+d) / (dx (a+b)),ArcSin[Sqrt[ (a+b)/ (c+d) ] +Sqrt[c+d+Csc[e+fxx]]/Sqrt[a+bsCsc[e+fxx]]], (a-b) x (c+d)/ ((a+b) x(c-d))] /;

FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]

Sec[e + f x|
2. dx whenbc-ad#0

'\/a+b5ec[e+fx] \/c+dSec[e+fx]

Sec|le+ fx
[ ] dx whenbc-ad#0 A a2-b%>=0 A c2-d*#0

\/a+bSec[e+-Fx] \/c+dSec[e+-Fx]

Derivation: Integration by substitution
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

Basis: If a2 - b2 =0 A c?-d? # 9, then

Sec[e+f x] _
v a+bSec[e+fx] ~/c+dSec[e+fX]
2a S 1 Tan[e+f Xx] Tan[e+f x]
24 Subst { — 5, X } 0
bf 2+(ac-bd) x2? 77 /[3ipSece+fx] +/c+dSec[e+fx] X Jaibsec[e+fx] crdSec[e+fX]

Rule:if bc-ad+0 A a2-b?==0 A c2-d? +0,then

Sec[e + f x| Tan[e + fx]

2a 1
dx — —SubstU-— dx, X,

2+ (ac-bd) x?

'\/a+bSec[e+-Fx] \/c+dSec[e+fx] \/a+bSec[e+-Fx] \/c+dSec[e+fx]

Program code:

Int[cscle_.+f_.xx_]/(Sqrt[a_+b_.xcsc[e_.+f_.+x_]]*Sqrt[c_+d_.xcsc[e_.+f_.»x_]]),x_Symbol] :=
-2#a/ (bxf) xSubst [Int [1/ (2+ (a*xc-bxd) xx*2) ,X] ,X,Cot [e+fxx] /(Sqrt[a+bxCsc[e+fxx] ] +Sqrt[c+d«Csc[e+f+x]])] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

Sec|e+ fx
[ ] dx whenbc-ad#0 A a2-b%2#0 A c2-d?#0

\/a+bSec[e+fx] \/c+dSec[e+-Fx]

Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +09,then

Sec[e + f x|

dx —

\/a+b5ec[e+fx] '\/c+dSec[e+-Fx]

2 (c+dsec[e+fx]) (bc-ad) (1-Sec[e+fx])
(a+b) (c+dsec[e+fx])

f(bc-ad) Jﬁ Tan[e + f x|

_(bc—ad) (1+sec[e+fx]) EllipticF[ArcSin[ [c+d \/a+bSec[e+fx] ], (a+b) (c—d)]
(a-b) (c+dsec[e+fx]) a+b (a-b) (c+d)

\/c+dSec[e+-Fx]

Program code:

Int[csc[e_.+f_.+x_]/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*Sqrt[c_+d_.xcsc[e_.+f_.xx_]]),x_Symbol] :=
-2% (c+d*Csc [e+'F*x] )/('F* (bxc-axd) xRt [ (c+d) / (a+b) ,2] xCot [e+f*x] ) *
Sgrt [ (bxc-axd) (l—CSC [e+f*x] )/( (a+b) (c+d*Csc [e+f*x] ) ) ] *Sqrt [- (bxc-axd) (1+CSC [e+f*x] )/( (a-b) = (c+d*CSC [e+f*x] ) ) ] *
EllipticF [ArcSin[Rt[ (c+d)/ (a+b),2]* (Sqrt[a+bsCsc[e+fxx]]/Sqrt[c+d«Csc[e+Ffxx]])], (a+b) * (c-d) / ((a-b) x (c+d))] /;
FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0]



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

sec[e+fx]?
3: dx whenbc-ad+0

'\/a+b5ec[e+fx] \/c+dSec[e+fx]

Derivation: Algebraic expansion

Basis: —2— -- a + Maibz

Vaibz b+ asbz b
Rule:lIf bc —ad # 9, then

Sec[e+-Fx]2 a Sec[e+-Fx]

dx — -—

\/a+bSec[e+-Fx] \/c+dSec[e+-Fx] b \/a+bSec[e+-Fx] \/c+dSec[e+-Fx]

Program code:

Int[csc[e_.+f_.+x_]~2/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*Sqrt[c_+d_.xcsc[e_.+f_.+x_]]),x_Symbol] :=

-a/bxInt[Csc[e+fxx]/(Sqrt[a+bsCsc[e+fxx]]+Sqrt[c+dsCsce+fxx]]),x] +
1/bxInt[Csc[e+fxx]|+Sqrt[a+bxCsc[e+fxx]]/Sart[c+d+Csc[e+fxx]],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,@]

dx whenbc-ad#0 A a2-b?#0 A c2-d?>#0

. JSec[ewa] \/a+bSec[e+-Fx]

(c+dSec[e+1=x])3/2

Derivation: Algebraic expansion

Basis: Y20z __ a-b . __(bc-ad) (1+7)

c+dz (c-d) Va+bz (c-d) Vva+bz (c+dz)
Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then

JSec[ewa] \/a+bSec[e+-Fx]
dx —

(c+dSec[e+-Fx])3/2

J

Sec[e+-Fx] \/a+bSec[e+-Fx]
dx

\/c+dSec[e+-Fx]
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

a-b Sec[e+fx] bc-ad Sec[e+-Fx] (1+Sec[e+-Fx])
dx +

dx

C- C -

d \/a+bSec[e+fx] \/c+d5ec[e+fx] d \/a+bSec[e+fx] (c+dsec[e+fx])>?

Program code:

Int[csc[e_.+f_.+«x_]*Sqrt[a_+b_.xcsc[e_.+f_.+x_]]/(c_+d_.xcsc[e_.+f_.xx_])"(3/2),x_Symbol] :=

(a-b) / (c-d) *Int[Csc[e+fxx]/(Sqrt[a+bxCsc[e+fxx] ] +Sqrt[c+dxCsc[e+f+x]]),x] +

(bxc-axd) / (c-d) »Int[Csc[e+fxx]» (1+Csc[e+Fxx] )/(Sqr't [a+bxCsc[e+fxx] ] (c+dxCsc[e+fxx])~(3/2)),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

5: j(gSec[e+fx])p (a+bsec[e+fx])" (c+dSec[e+fx])"dx whenbc-ad#0 A a?-b*=0 A c?-d*#0 A (p=1V m—%ez)

Derivation: Piecewise constant extraction and integration by substitution

Tan[e+f x] _
~Ja+bSec[e+fx] ~/a-bSec[e+fXx]

Basis: If a? - b? == 0, then 64

Tan[e+f Xx] -1

a’Tan[e+f x]
rJa+bSec[e+fx] /a-bSec[e+fx]

rJa+bSec[e+fx] /a-bSec[e+fx]
1 Subst|FXL, x, Sec[e+fx]| oxSec[e +fx]

Basis: If a2 - b% == 9, then -
Basis: Tan[e + ¥ x] F[Sec[e +fX]] ==
Rule:if bc-ad+@ A a?-b*=08 A c?-d*#0 A (p==1Vm-21cz),then

J\(gSec[e+fx])p (a+bSec[e+fx])'" (c+dSec[e+fx])"d1x —

a’Tan[e + f x| J\Tan[e+fx] (gsec[e+fx])P (a+bSec[e+-Fx])""; (c+dsec[e+fx])"
- dx
\/a+b5ec[e+-Fx] '\/a—bSec[e+-Fx] \/a-bSec[e+fx]
2gT f p-1 bx)"™ dx)"
_ a’gTan[e+ fx] Subst J\(gx) (a+2x) (c+ax) dx, X, Sec[e+-Fx]]
Va-bx

f\/a+b5ec[e+fx] \/a-bSec[e+fx]

Program code:

Int[(g_.#csc[e_.+f_.xx_])"p_.»(a_+b_.xcsc[e_.+F_.xx_]) m_x(c_+d_.xcsc[e_.+f_.xx_])~n_,x_Symbol] :=
a”2xgxCot [e+f*x]/(f*Sqr't [a+b*Csc [e+'F*x] ] *Sqrt [a-b*Csc [e+f*x] ] ) *
Subst[Int[ (g*x)" (p-1)* (a+bxx)" (m-1/2) * (c+d#X)“n/Sqrt[a-bxx],x],x,Csc[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & NeQ[bxc-axd,0] && EqQ[a~2-b"2,0] && NeQ[c"2-d"2,0] & (EqQ[p,1] || IntegerQ[m-1/2])

—
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n 32

6: j(gSec[e+fx])p (a+bsec[e+fx])" (c+dSec[e+fx])"dx whenbc-ad#@ AmezZ Anez

Derivation: Algebraic normalization

Basis:If meZ A nez,then (a+bSec[z])" (c+dSec[z])"=Sec[z]™" (b+aCos[z])™ (d+cCos[z])"

Rule:lf bc-ad+0@ AmeZ A neZ,then

j(gSec[ewa])p (a+bSec[e+fx])" (c+dSec[e+Fx])"dx — j(gSec[ewa])"“""p (b+aCos[e+Fx])" (d+cCos[e+fx])"dx

gI1'I+I’l

Program code:
Int[(g_.»csc[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+f_.#x_] ) m_«(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=

1/g~ (m+n) »Int[ (gxCsc[e+fxx] )~ (men+p) » (b+axSin[e+Ffxx]) mx (d+cxSin[e+Ffxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,p},x| && NeQ[bxc-a+d,0] && IntegerQ[m] & IntegerQ[n]

7. j(gSec[erFx])p (a+bsec[e+fx])" (c+dsec[e+fx])"dx whenbc-ad#@ Am+n+p=0

1: J(gSec[en‘x])" (a+bSec[e+fx])"' (c+dSec[e+fx])"d1x whenbc-ad#@ Am+n+p=0 Amez

Derivation: Algebraic normalization and piecewise constant extraction

Basis:a + bSec[e + fx] ==Sec[e+fx] (b+aCos[e+fXx])

e - (gSec[e+fx])™P (c+dSec[e+fx])" __
Basis: If m+ n + p == 9, then O, (drcCoslerfxl)" =0

Rule:lf bc-ad+@ Am+n+p=0 A me Z,then

J(gSec[e+fx])" (a+bsec[e+fx])" (c+dsec[e+Ffx])"dx — glmJ‘(gSec[e+1‘x])m+|J (b+acos[e+fx])" (c+dsec[e+Ffx])"dx



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

(gsec[e+fx])™ (c+dsSec[e+fx])"

g" (d+cCos[e+Fx])" J(b+aCos[e+fx])'" (d+ccCos[e+fx])"dax

Program code:

Int[(g_.»csc[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+Ff_.#x_]) m_«(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
(g*Csc[e+Ffxx] )~ (m+p) » (c+dxCsc[e+Fxx])~n/ (g m« (d+cxSin[e+Ffxx])~n) +Int [ (b+axSin[e+Ffxx]) mx (d+cxSin[e+fsx])~n,x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| && NeQ[bxc-a+d,0] & EqQ[m+n+p,0] & IntegerQ[m]

2: J(gSec[e+fX])p(a+bSec[e+fx])'"(c+dSec[e+fx])"d1x whenbc-ad#@ Am+n+p=0 Am¢zZ

Derivation: Piecewise constant extraction

H L (gSec[e+fx])P (a+bSec[e+fx])™ (c+dSec[e+fx])" __
Basis: If m+n +p = @, then Ox (b+aCos[e+fx])™ (d+c Cos[e+fx])" o

Rule:lf bc-ad+@ Am+n+p=0 A m¢ Z,then

J(gSec[e+fx])p (a+bsec[e+fx])" (c+dsec[e+Ffx])"

(gsec[e+fx])? (a+bsec[e+fx])" (c+dSec[e+fx])" . )
e (b+acCos[e+fx])" (d+cCos[e+fx])" J(b+aCos[e+fx]) (d+cCosesfx])"ax

Program code:

Int[(g_.»csc[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+f_.#x_] ) m_«(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
(g*Csc[e+fxx] ) px (a+bxCsc[e+fxx])mx (c+dxCsc[e+fxx])~n/((b+axSin[e+Ffxx]) m« (d+cxSin[e+Ffxx])~n)
Int[ (b+axSin[e+fxx]) mx (d+cxSin[e+f+x]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & NeQ[bxc-axd,0] && EqQ[m+n+p,0] && Not[IntegerQ[m]]
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n 34

8: jSec[e+fx]p (a+bsec[e+fx])" (c+dsec[e+fx])"dx whenbc-ad#0 A m—%ez A n—%ez APpDEZ

Derivation: Piecewise constant extraction

\/d+c Cos[e+fx] /a+bSecle+fx] __ )
v/b+aCos[e+fx] ~/c+dSec[e+fXx]

Basis: Oy

Note: The restrictionm + n + p € {-1, -2} can be lifted if and when the cosine integration rules are extended to handle
integrands of the form cos[e+ £x]® (a+bcos[e+fx])" (c+dcos[e+ £x])" for arbitray p.

Rule:ff bc-ad#@ Am-2eczZ An->eZ ApeZthen

\/d+cCos[e+fx] '\/a+bSec[e+-Fx] J~(b+aCos[e+fX])'" (d+cCos[e+fx])"
— dx

J\Sec[en“x]" (a+bsec[e+fx])" (c+dsec[e+fx])"dx

\/b+aCos[e+-Fx] \/c+dSec[e+-Fx] Cos[e+fx]"""

Program code:
Int[csc[e_.+f_.*x_]"p_.*(a_+b_.xcsc[e_.+f_.#x_] ) m_«(c_+d_.xcsc[e_.+Ff_.#x_])~n_,x_Symbol] :=
Sqrt[d+csSin[e+fxx]]*Sqrt[a+bsCsc[e+fxx]]/(Sqrt[b+axSin[e+fxx]]+Sqrt[c+dxCsc[e+fx]])*

Int[ (b+axSin[e+fxx])mx (d+cxSin[e+fxx])"n/Sin[e+fxx]" (men+p),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & NeQ[bxc-axd,0] & IntegerQ[m-1/2] & IntegerQ[n-1/2] && IntegerQ[p] & LeQ[-2,m+n+p,-1]

9: j(gSec[en‘x])p(a+b5ec[e+fx])'“(c+dSec[e+fx])"d1x whenbc-ad#@ A ((M|n)eZV (m|p)€Z V (n|p)eZ)

Derivation: Algebraic expansion

Rule:lf bc-ad+@ A ((m|n)ezV (m|p)eZV (n|p)eZ),then

j(gSec[en‘x])p (a+bsec[e+fx])" (c+dsec[e+fx])"dx —



Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n

JExpandTrig[(gSec[e+fx])p (a+bsec[e+fx])" (c+dsec[e+fx])", x] dx

Program code:

Int[(g_.»csc[e_.+f_.xx_])"p_.*(a_+b_.xcsc[e_.+Ff_.#x_]) m_#(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
Int[ExpandTrig[ (g+csc[e+fxx])~p* (a+bxcsc[e+fxx]) m« (c+dxcsc[e+fxx])~n,x],x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & NeQ[bxc-axd,0] && (IntegersQ[m,n] || IntegersQ[m,p] || IntegersQ[n,p])

X: J.(gSec[e+-Fx])p (a+bsec[e+fx])" (c+dsec[e+fx])"dx

Rule:

J‘(gSec[ewa])p (a+bsec[e+fx])" (c+dsec[e+fx])"dx — J-(gSec[ewa])p (a+bsec[e+fx])" (c+dsec[e+fx])"dx

Program code:

Int[(g_.xcsc[e_.+f_.xx_])"p_.*(a_.+b_.xcsc[e_.+f_.*x_]) m_x(c_.+d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=
Unintegrable[ (gxCsc[e+fxx])~px (a+bxCsc[e+fxx]) mx (c+dxCsc[e+Ffxx])~n,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]

Rules for integrands of the form (gSec[e + fx])P (a+bSec[e+fx])™ (c+dSec[e+fx])" (A+BSec[e + fx])

Sec[e+fx]| (A+BSec[e+fx])

dx whenbc-ad#0 A a2-b2#0 A c2-d*>#0 A A==B

\/a+bSec[e+-Fx] (c+dSec[e+-Fx])3/2

Rule:if bc-ad+0 A a?-b%>+0 A c?2-d?>+0 A A= B,then

Sec[e+fx| (A+BSec[e+fx])

dx —

\/a+bSec[e+-Fx] (c+dSec[e+-Fx])3/2
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Rules for integrands of the form (g sec(e+f x))"p (a+b sec(e+f x))~"m (c+d sec(e+f x))n 36

(bc-ad) (1-Sec[e+f x])
2A(1+Sec[e+fX])\/ (a+b) (c+dSec[e+fx]) c+d \/a+b5ec[e+fx] (a+b) (c-d)
EllipticE[Ar‘cSin[ ]

3
a+b (a-b) (c+d)
f(bc-ad) ’ﬁ Tan[e+.,:x]\/_(bC—ad)(1+SeC[e+fX]) \/c+dSec[e+fx]

(a-b) (c+dSec[e+fx])

Program code:

Int[sec[e_.+f_.+x_](A_+B_.+sec[e_.+f_.xx_])/(Sqrt[a_+b_.+sec[e_.+f_.+x_]]*(c_+d_.xsec[e_.+f_.»x_])"(3/2)),x_Symbol] :
2+Ax (1+Sec [e+fxx] ) #Sqrt[ (bxc-axd) » (1-Sec [e+fxx]) /( (a+b) » (c+dxSec [e+fxx]))]/
(f* (bxc-axd) xRt [ (c+d) / (a+b) ,2] xTan [e+'F*x] *Sqrt [— (bxc-axd) = (1+Sec [e+f*x] )/( (a-b) = (c+d*Sec [e+f*x] ) ) ] ) *
EllipticE [ArcSin[Rt[ (c+d)/ (a+b),2]+Sqrt[a+bxSec[e+fxx]]/Sqrt[c+dxSec[e+fsx]]], (a+b) » (c-d)/ ((a-b)*(c+d))] /;
FreeQ[{a,b,c,d,e,f,A,B},x] & NeQ[bxc-axd,8] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0] && EqQ[A,B]

Int[cscle_.+f_.+x_]»(A_+B_.xcsc[e_.+f_.xx_])/(Sqrt[a_+b_.xcsc[e_.+f_.+x_]]*(c_+d_.xcsc[e_.+f_.xx_])"(3/2)),x_Symbol] :
-2%Ax (1+Csc [e+'F*x] ) *Sqr't[ (bxc-axd) (1—Csc [e+f*x] )/( (a+b) » (c+d*Csc [e+f*x] ) ) ]/
('F* (bxc-axd) xRt [ (c+d) / (a+b) ,2] xCot [e+'F*x] *Sqrt [— (bxc-axd) (1+Csc [e+f*x] )/( (a-b) (c+d*Csc [e+f*x] ) ) ] ) *
EllipticE[ArcSin[Rt[ (c+d)/ (a+b),2]+Sqrt[a+bxCsc[e+fxx]]/Sqrt[c+dsCsc[e+fsx]]], (a+b) » (c-d)/ ((a-b)*(c+d))] /;
FreeQ[{a,b,c,d,e,f,A,B},x] && NeQ[bxc-a+d,0] && NeQ[a"2-b"2,0] & NeQ[c"2-d"2,0] & EqQ[A,B]



